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Recent progress in preparing well controlled 2D van der Waals heterojunctions has opened up a new frontier
in materials physics. In this paper we address the intriguing energy gaps that are sometimes observed when
a graphene sheet is placed on a hexagonal boron nitride substrate, demonstrating that they are produced by
an interesting interplay between structural and electronic properties, including electronic many-body exchange
interactions. Our theory is able to explain the observed gap behavior by accounting first for the structural
relaxation of graphene’s carbon atoms when placed on a boron nitride substrate and then for the influence of
the substrate on low-energy pi-electrons located at relaxed carbon atom sites. The methods we employ can be
applied to many other van der Waals heterojunctions.
PACS numbers: 73.22.Pr, 71.20.Gj
I. INTRODUCTION
Recent progress in preparing vertical heterojunctions of
graphene (G) and hexagonal boron nitride (BN) using either
transfer1 or growth techniques2 has opened a new frontier for
exploring both fundamental physics3–5 and new device ge-
ometries6. Experiments have made it clear that graphene on
BN is very flat and that its low-energy electronic states are of-
ten very weakly perturbed by the substrate1. However when
the honeycomb lattices of graphene and BN are close to ori-
entational alignment, the electronic coupling strengthens and
is readily observed7. The source of this variability in behavior
is clearly related to variability in structure. For example, al-
though ab initio theory8,9 predicts substantial gaps ∼ 50 meV
when the two honeycomb lattices are identical, any incom-
mensurability due to misorientation or lattice constant mis-
match drastically reduces electronic coupling giving vanish-
ingly small gaps10. In this article we show that the large gaps
observed3 at the Fermi level of neutral graphene sheets that
are nearly rotationally aligned with a BN substrate are not due
solely in terms of the relative orientation-dependent moire´ pat-
tern, but require in addition both orientation-dependent struc-
tural relaxation of the carbon atoms, as suggested by recent
experiments11, and non-local many-body exchange interac-
tions between electrons. Our theory involves two elements:
i) structural relaxation due to interactions between G and the
BN substrate and ii) an effective Hamiltonian for graphene’s
pi-electrons which includes a substrate interaction term that
is dependent on the local coordination between graphene and
BN honeycombs. Our main results are summarized in Fig. 1
where we show that atomic relaxation leads to substantially
enhanced gap. The band gap for rotationally aligned layers is
only∼ 1 meV when the honeycomb lattices are held rigid, but
increases to ∼7 meV when relaxation is allowed. These gaps
are further enhanced to ∼ 20 meV, in reasonable agreement
with experiment, when we also account for electron-electron
interactions. Moreover, unlike other proposed mechanisms
for band gaps in graphene12, ours does not degrade the mo-
bility of graphene.
II. MOIRE´ PATTERNS AND STRAINS
The pi-electron Hamiltonian of G/BN can be expressed as
the sum of the continuum model Dirac Hamiltonian of an iso-
lated flat graphene sheet, in which the honeycomb sublattice
degree-of-freedom appears as a pseudo spin, and a correction
from the interaction with the BN substrate7,9,10,13. We employ
an approach in which the correction is given by a sub-lattice
dependent but spatially local operator HM(~d) derived from ab
initio theory9 that depends on the local alignment between G
and BN honeycomb lattices ~d. This pseudo-spin dependent
operator that gives rise to the moire´ superlattice Hamiltonian
is accurately parameterized in Ref. [9]. (An alternate parame-
terization which allows spatial variation in the interlayer sep-
aration is discussed in the appendix.)
When both G and BN form rigid honeycomb lattices
~d(~r)→ ~d0(~r)≡ ε~r+θ zˆ×~r, (1)
where ε is the difference between their lattice constants, θ
is the difference in their orientations, and zˆ is the direction
normal to the G sheet. The two layers establish a moire´ pattern
in which equivalent alignments repeat periodically on a length
scale that, when ε and θ are small, is long compared to the
honeycomb lattice constant. (The moire´ lattice vectors ~LM
solve ~d(~r+~LM) = ~d(~r)+~L where ~L is a honeycomb lattice
vector.) Since HM(~d) = HM(~d +~L), the substrate interaction
Hamiltonian has the periodicity of the moire´ pattern.
When the honeycomb lattices of the G and BN layers are
allowed to relax, ~d(~r) is no longer a simple linear function of
position. We write
~d(~r) = ~d0(~r)+~u(~r)+(h0+h(~r)) zˆ (2)
where h0 is the mean separation between G and BN planes and
the in-plane and vertical strains, ~u(~r) and h(~r), also have the
moire´ pattern periodicity. If G/BN systems achieved thermal
equilibrium ε , θ , ~u(~r) and h(~r) would be determined by min-
imizing free energy with respect to the positions of atoms in
the G layer and in the BN layers close to the surface of the sub-
strate. Evidently this is not the case since the observed value
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FIG. 1: Relaxation strains and band gaps of graphene on BN. a.
Relaxation strain elastic and potential energies for orientation aligned
graphene on BN as a function of ε the relative lattice constant differ-
ence. The black lines illustrates the case in which only carbon atom
positions are allowed to relax (black) whereas the red curve is for the
case in which both G and BN layer atoms are allowed to relax. The
parabolic curve labelled FK (Frenkel-Kontorova) plots the energy
difference between an undistorted graphene sheet and one with a lat-
tice that has expanded to be commensurate with that of the substrate
that is discussed in the text. Eelastic and Epotential are respectively
the elastic energy cost and the potential energy gained by straining
both graphene and BN (black) layers, and the graphene (red) only
while keeping the moire´ lattice constant fixed. We use ε = −0.017
for graphene on BN in the absence of graphene lattice expansion.
b. Energy gaps including strain effects vs. ε when graphene and BN
layers are allowed to relax (black) and when only graphene atoms are
allowed to relax (red), when the layers are held rigid at 3.4 A˚ separa-
tion (blue). and when electron-electron interactions are also included
(inset). The interaction enhanced gaps are bracketed by Hartree-Fock
calculations that use dielectric constants of 2.5 and 4 to account for
screening effects. The θ label indicates the one-to-one relation with
lM when we fix |ε|= 0.017 and provides an approximate representa-
tion of the twist angle dependence.
of θ varies in an irreproducible fashion. In the following we
take the view that because the thermodynamic bias favoring
a particular value of θ is weak, its observed value is fixed by
transfer kinetics. Similarly the value of ε , which can be ad-
justed only by atomic rearrangements on long length scales,
is also likely determined by kinetics and not by equilibrium
considerations. On the other hand, given values for ε and θ
minimizing energy with respect to local strains ~u(~r) and h(~r)
require only local atomic arrangements. We therefore view
ε and θ as experimentally measurable system parameters. In
practice ε is close to the undisturbed relative lattice constant
difference whereas θ varies widely. The ratio of the honey-
comb lattice constant to the moire´ pattern lattice constant lM
is a/lM = (ε2+θ 2)1/2. For given values of θ and ε , HM(~d(~r))
is dependent on strains because of their contribution to Eq. 2.
The strains must therefore be calculated first in order to fix
the θ ,ε-dependent pi-band Hamiltonian of G/BN. As a side
remark, we note that ~d(~r) = (a/lM)~r is a convenient approx-
imation for the coordination vector that can account for the
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FIG. 2: Relaxation strain and degree of commensuration as a
function of moire pattern lattice constant. a. Substrate interaction
energy U(~d) per unit cell area as a function of stacking coordination
~d. The arrows indicate the magnitudes and directions of substrate
interaction forces ~F = −~∇~dU which drive atoms toward local BA
coordination. The stacking arrangement cartoons use blue for boron,
red for nitrogen, and black for carbon. b. Width of the distribution of
carbon atom displacements (FWHM) as a function of moire´ pattern
lattice constant at θ = 0. The typical displacement varies from ∼ 5
to ∼ 8 nm when the moire´ pattern lattice constant varies by a factor
of four. c. Vertical strains for |ε| = 0.017 and d. for |ε| = 0.0068.
Note that the vertical strain and the substrate interaction have similar
spatial maps. The lower panels plot the height variation along the
dashed lines of the upper panels for G&BN relaxed geometries. The
maps for the elastic and substrate interaction energies are discussed
in the appendix.
twist angle dependence through the magnitude of lM but ig-
nores the variations in the shape of the moire pattern.
Like the pi-electron Hamiltonian, the graphene sheet energy
can be written as the sum of an isolated G layer contribution
and a substrate interaction contribution that depends on the
local band alignment ~d(~r). The substrate interaction U(~d) is
most attractive when half the carbon atoms are directly above
boron atoms, and the centers of graphene’s hexagonal pla-
quettes are directly above the nitrogen atoms (BA alignment).
This alignment is energetically more stable than one in which
half the carbon atoms sit on top of nitrogen (AB alignment), or
one in which all carbon atoms sit on top of either boron and ni-
trogen atoms (AA stacking). By performing ab initio calcula-
tions for commensurate lattices we find that UBA <UAB <UAA.
The full dependence of U on ~d is plotted in Fig. 2.
When ε or θ are non-zero, the substrate interaction forces
plotted in Fig. 2 drive strains which attempt to match G and
BN lattice constants locally and increase the sample area that
is close to local BA coordination. For a given value of ε , G
3sheet lattice constant expansion near BA points must be com-
pensated by lattice compression elsewhere. This kind of local
expansion and compression of the graphene lattice within the
moire´ unit cell was recently identified experimentally11,14.
We determine the strains by minimizing the sum of the iso-
lated graphene and substrate interaction energies. For the
long-period moire´ lattices the graphene sheet energy is ac-
curately parameterized in terms of its elastic constants. The
competition between isolated graphene and substrate interac-
tion energies can then be understood by comparing the en-
ergies of the configurations in which the two terms are min-
imized separately. The substrate interaction energy is mini-
mized by maintaining perfect BA alignment everywhere and
therefore establishing commensurability between the BN and
G lattices. Because the lattice constants of BN and G differ,
this arrangement has an elastic energy cost in the graphene
sheet. After an elementary calculation we find that the total
energy per area is
eBA =UBA/A0+2(λ +µ)ε20 (3)
where λ and µ are elastic constants, ε0 is the relative differ-
ence between BN and G lattice constants, and A0 is the unit
cell area of graphene. The elastic energy, on the other hand,
is minimized by keeping the graphene sheet lattice constant at
its isolated value. In this configuration, because of the linear
relationship between ~d and~r the substrate interaction energy
per unit area is equal to the average of U(~d) over ~d:
eiso =U/A0 >UBA/A0. (4)
As indicated in Fig. 1, when our theoretical values for U are
combined with the elastic constants of a graphene sheet, the
energy of the commensurate state is substantially lower. How-
ever, Eq. (3) overestimates the elastic energy cost of lattice
matching between BN and G. For example in the extreme case
of a single BN layer, lattice matching can be achieved by ad-
justing the lattice constants of each layer toward their mean
value, approximately reducing the required strains by a factor
of 2. In this case, the incommensurate structure still has lower
energy, but the difference is smaller. We conclude that when
they are orientationally aligned, the interaction between a G
sheet and a BN sheet is nearly strong enough to favor lattice
matching.
G/BN is close enough to an incommensurate to commen-
surate transition that substantial strains can be driven by sub-
strate interactions. Indeed we find by explicit energy mini-
mization that both vertical and horizontal strains can assume
values large enough to introduce changes in the electronic
structure. We determined these strains numerically for the
case of a single-layer BN substrate subject to a fixed periodic
potential created by the layers underneath using methods ex-
plained in the appendix. We find that strains in the graphene
sheet are comparable as those in the BN layer. Note that the
atomic structure, and hence the pi-band Hamiltonian, might
therefore depend on the thickness of the BN and on other fea-
tures that vary from one experimental study to another. Sim-
ilarly the addition of encapsulating layers can lead to reduc-
tions in strains and hence gaps, as recently reported in Ref.11,
although the gap can in principle persist.
III. STRAINED MOIRE´ BAND HAMILTONIAN
Given HM(~d) and d(~r), we obtain a sublattice-pseudospin
dependent continuum Hamiltonian with the periodicity of the
moire´ pattern which is conveniently analyzed using a plane-
wave expansion approach. We write the full Hamiltonian in
the form
〈~k′,s′|H|~k,s〉 = δ~k,~k′〈s′|HD(~k)|s〉+
+ ∑
~G
〈s′|HM, ~G|s〉 ∆
(
~k′−~k− ~G
)
(5)
where HD is the Dirac Hamiltonian and HM, ~G is the Fourier
transform over one period of the moire´ pattern of HM(~d(~r)),
and ~G is a moire´ pattern reciprocal lattice vector. In Eq. (5),
∆(~k) = 1 when ~k is a moire´ pattern reciprocal lattice vector
and zero otherwise.
The electronic structures implied by the Hamiltonian in
Eq. (5) for rigid lattices, for graphene relaxation only, and for
mutual G and BN relaxation are compared in Fig. (3). These
results demonstrate that the electronic structure, and the gap at
neutrality in particular, depend sensitively not only on θ and ε
but also on the strains. Sizable band gaps appear at the neutral
system Fermi level only when in-plane relaxation strains~u(~r)
are allowed.
IV. PHYSICS OF THE GAPS
Several potential mechanisms of gap formation in neutral
graphene have been discussed in the literature including anti-
dots15, combinations of periodic scalar and vector fields16,17,
and zero-line localization18. Our approach allows for a sim-
ple classification based on the Fourier expansion of HM . We
will discuss leading contributions to the gap at neutrality in
terms of the expansion of each moire´ pattern Fourier compo-
nent of HM into four sublattice Pauli matrix components. We
start with the ~G0 = 0 Fourier component, i.e with the spatial
average of HM . In the absence of relaxation, HM,~G0=0 = 0
because the average of HM(~d) is zero9 and ~d in this case is
a linear function of~r. (We neglect an irrelevant contribution
proportional to the identity sublattice Pauli matrix τ0.) When
~d is a non-linear function of~r, however, the spatial average of
Hamiltonian contributions which are sinusoidal functions of ~d
do not vanish. Among these, the term proportional to τ0 is an
irrelevant constant, and the terms proportional to τx and τy, of-
ten interpreted in Dirac models as effective vector potentials,
simply shift band crossings away from zero momentum. (In
the continuum Dirac model of graphene, momentum is mea-
sured away from the Brillouin-zone corners.) However, the
~G = 0 term proportional to τz produces a gap
∆0 = 2HzM,~G0=0
= HAA
M,~G0=0
−HBB
M,~G0=0
. (6)
Physically this gap appears simply because the average site
energy is different on different honeycomb sublattices.
4G&BN
relaxed
G 
relaxed
Rigid
a b c
d
E
(e
V
)
E
(e
V
)
E
(e
V
)
E < 0 E > 0
G&BN
relaxed
Rigid
Moire bands LDOS maps
4
5
6
1
2
3
0
Moire Brillouin zone
Moire reciprocal lattice
~Gi
CA DB A
−0.5
0
0.5
−0.2
0
0.2
−0.1
−0.05
0
0.05
0.1
−0
.5
0
0.
5
0 20 40
−0
.1
−0
.0
5
0
0.
05
0.
1
0
10
0
20
0
−0
.2
0
0.
2
0 20 40 60 80D(E)CA DB A D(E) CA DB A D(E)
|"| = 0.0068 |"| = 0.017 |"| = 0.034
-0.5
0.5
0
-0.5
0.5
0
-0.5
0.5
0
-0.2
0.2
0
-0.2
0.2
0
-0.
0.2
-0.1
0.1
0
-0.1
0.1
0
-0.1
0.1
0
max
min
−0.5
0.
−0.
0.
−0.1
−0.05
0
0.05
0.1
− .
−0.05
0.05
− .
0.
−0.5
0.5
−0
.5
0
0.
5
0 20 40
−0
.2
0
0.
2
0 20 40 60 80
−0
.1
−0
.0
5
0
0.
05
0.
1
0
10
0
20
0
−0
.1
−0
.0
5
0
0.
05
0.
1
0
10
0
20
0
B
A
D
C
−0
.2
0
0.
2
0 20 40 60 80
−0
.5
0
0.
5
0 20 40
FIG. 3: Electronic structure of G/BN heterojunctions. a. Schematic representation of the moire´ Brillouin zone and the moire´ reciprocal
lattice vectors. b. Three dimensional representation of the band structure in the moire´ Brillouin zone showing superlattice Dirac point features.
c. Local density of states (LDOS) maps near the charge neutrality Fermi energy for G&BN relaxed and rigid lattice structures at θ = 0 that
show contrasts for electrons and hole carrier doping. Lattice relaxation affects the LDOS maps. d. Band structure and density of states for
three different values of ε at θ = 0 allowing G&BN relaxation, G-relaxation only, and with no relaxation. In-plane lattice relaxation leads to
sizeable band gaps in the limit of long moire´ periods.
The leading contributions to the gap from ~G 6= 0 terms in
HM are more subtle and appear at second order in perturba-
tion theory. A perturbative treatment is in fact valid in prac-
tice because it turns out that h¯υ |~G| is substantially larger than
HM,~G. Applying degenerate state perturbation theory we ob-
tain the following expression for their contribution to the ef-
fective 2×2 sublattice Hamiltonian at the Dirac point:
Heff = HM,~G0=0− ∑
~G 6=0
HM,~G H
−1
~G
H†
M,~G
, (7)
where H~G = h¯υG˜ ·~τ (υ is the Dirac velocity and ~τ is the
vector of Pauli matrices,) ignoring the~k dependence close to
the Dirac point which will be higher order. Note that HM,~G
connects the~k and~k+ ~G blocks of the plane-wave expansion
moire´ band Hamiltonian. Because only the term proportional
to τz can produce a gap at 2nd order, it is instructive to de-
compose Heff into Pauli matrix contributions.
Heff = ∑
α=0,x,y,z
Hαeff τ
α . (8)
5Note that higher order terms proportional to τx and τy may in
principle contribute to the gap, but we find them to be negligi-
ble. We have derived analytic expressions for Hαeff in terms of
the Pauli matrix decomposition of HM,~Gi which are discussed
in detail in the appendix. We find that although the ~G= 0 con-
tribution to the gap is always larger, the ~G 6= 0 contributions
are not negligible. Both the difference in the spatial average
of sub band energies and the detailed form of the full sub-
strate interaction Hamiltonian play a role in determining the
size of the gap at neutrality, and both are sensitive to the de-
tailed structure of the lattice relaxation strains.
In graphene non-local exchange interactions are expected
to enhance gaps21–23 at neutrality produced by sublattice-
dependent potentials. We have performed plane-wave-
expansion self-consistent Hartree-Fock calculations in which
Coulomb interactions are added to the moire´ band Hamilto-
nian we have discussed. The calculations were performed us-
ing effective dielectric constants bracketing the expected val-
ues between ε = 2.5 and εr = 4. When all effects are included
we find band gaps ∼ 20 meV, as shown in the inset of Fig. 1.
The values chosen for ε partly account for dielectric screen-
ing by the substrate and partly accounts for dynamic screening
effects in the same spirit as in the screened exchange function-
als used in density-functional theory. We have previously used
a similar dielectric constant of εr = 4 to successfully predict
spontaneous band gaps∼ 50 meV in ABC trilayer graphene24.
Further details of the Hartree-Fock theory in moire superlat-
tice bands will be presented elsewhere25.
V. DISCUSSION
We have derived a pi-band continuum model Hamiltonian
intended to describe states near the Fermi level of G/BN and
used it to address the energy gaps often observed in neutral
graphene when it is nearly aligned with a BN substrate. In this
theory the interaction of pi-band electrons with the substrate is
described by a local but sublattice dependent term HM that is
dependent on the local relative displacement of the graphene
sheet and substrate honeycomb lattices, d(~r). When neither
the G sheet’s carbon atoms nor the boron and nitrogen atoms
in the substrate are allowed to relax, d(~r) is a linear function
of position because of the difference between the lattice con-
stants ε and because of difference in orientations specified by
a relative angle θ . The gap produced by substrate interactions
in the absence of relaxation reaches its maximum at θ = 0,
but is never larger than a few meV and too small to explain
experimental observations. Only by allowing the carbon and
substrate atoms to relax we can explain the much larger ex-
perimental gaps.
The moire´ pattern formed by graphene and a BN substrate
is characterized in the first place by the lattice constant dif-
ference ε and by the relative orientation angle θ . These two
quantities can be changed only by collective motion of many
atoms. We take the view that because of large barriers and
weak thermodynamic drivers these two macroscopic variables
are not in practice relaxed to equilibrium values. We therefore
view them as observables that characterize particular G/BN
systems and calculate relaxation strains and pi-band electronic
structure as a function of ε and θ , and hence as a function of
moire´ pattern period. The explicit calculations reported on in
this paper are for θ = 0, the orientation which leads to large
experimental gaps.
To account for relaxation strains, we minimize the total en-
ergy with respect to carbon and substrate atom positions. For
this purpose we assume that the interaction energy U between
graphene and substrate is also a local function of ~d and ob-
tain U(~d) from density functional calculations of commensu-
rate structures. The strains minimize the total energy by in-
creasing the number of carbon atoms that are on top of boron
atoms and the number of hexagonal carbon atom plaquettes
that are centered above nitrogen atoms. Our study emphasizes
that atom relaxation in the BN sheets is as important for the
electronic structure as atom relaxation in the graphene sheet.
Although only atom positions in the top BN sheet are impor-
tant for electronic structure, these will be affected by interac-
tions with atoms in remote layers. We have performed calcu-
lations for two extreme cases, rigid BN atoms and a single-
layer of BN in which atom positions relax to minimize total
energy, finding that relaxation increases the energy gap sub-
stantially. The physical origin of these gaps can be revealed by
expanding the continuum model pi-band Hamiltonian in terms
of Pauli-matrix pseudospin operators and in terms of moire´
pattern reciprocal lattice vector components. Because of the
wide pi-band width and the relatively short moire´ periods, the
contribution of each term in the Hamiltonian to the gap can be
analyzed using leading order perturbation theory. The ~G 6= 0
terms which capture detailed spatial patterns contribute at sec-
ond order and are not negligible. The largest contribution to
the gap comes from the ~G = 0 term, which vanishes in the
absence of lattice relaxation has a very simple interpretation.
Because of relaxation strains the average site energy in the car-
bon sheet is different for the two carbon atom sub lattices. It is
well known that this type of perturbation produces a gap at the
Fermi level of a neutral graphene sheet. Surprisingly the gap
is a substantial fraction of the gap of the same origin present
in the commensurate BA aligned graphene on BN. The gaps
are therefore due to the contrast between the local classical
physics of energy minimization with respect to atom position,
and the wide pi-bands and non-local quantum physics which
forces the quantum wave functions to be smooth and sensitive
mainly to spatial averages over the moire´ period. When many-
body interaction effects21 are accounted for, these gaps are en-
hanced to values that are consistent with experiment. The ap-
proach described in this paper can be applied to other van der
Waals materials which can form heterojunctions in which dif-
ferent layers have slightly different lattice constants or differ
in orientation - such as transition metal dichalcogenide stacks.
VI. METHODS
The elastic energy functional was modeled using the Born-
von Karman plate theory27. Neglecting the small bend-
ing rigidity of graphene κ = 1.6 eV28 the elasticity theory
depends on the two Lame´ parameters whose estimates for
6graphene from empirical potentials gives λ = 3.25 eV/A˚2 and
µ = 9.57 eV/A˚29 in the low temperature limit, and for a single
BN sheet we have used λ ∼ 3.5 eV A˚−2 and µ ∼ 7.8 eV A˚−226
obtained averaging the LDA and GGA values. The potential
energy has been parametrized from the stacking-dependent
and separation dependent energy curves in Ref. [26] calcu-
lated at the EXX+RPA level. The scalar functions used to
obtain the moire´ superlattice pattern for the height and the dis-
placement vectors from their gradients have used Φ written as
a Fourier expansion in ~G vectors as
Φ(~d) = ∑
~G
C~G exp
(
−i~G · ~d
)
(9)
' C0+C′1g(~d)+ f1(~d,C1,ϕ1)+ f2(~d,C2,ϕ2)
where C~G is in general a complex number and we retain up
to three nearest ~G vectors for the scalar field that preserves
the symmetry of triangular lattices. The parameters C0, C′1,
C1, ϕ1, C2 and ϕ2 are real valued constants and we defined
auxiliary functions f and g in terms of the triangular lat-
tice structure factors similar as those used in a general tight-
binding model of graphene30. The Fourier expansion coeffi-
cients within the first shell consisting of C′0 and the first shell
f1(~d,C1,ϕ1) are often good representation of the solutions.
Further details on the calculation method and results of the
elastostatic problem can be found in the appendix. The self-
consistency Hartree-Fock calculations were calculated using
an effective relative dielectric constant of εr = 4 using 217
k-points in the moire´ Brillouin zone.
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Appendix.
In the following we supplement the information in the
main text introducing: the parametrization of the Hamilto-
nian in real-space, the explicit form of the scalar fields with
the moire´ superlattice symmetry, the elastic energy function-
als, the parametrization of the potential energy, the formula-
tion and solutions to the elastostatic problem for the relaxed
ground states, and the contributions of the different pseu-
dospin terms in the Hamiltonian to the primary Dirac point
band gap, both numerically and analytically through second-
order perturbation theory.
Appendix A: Parametrization of the Hamiltonian
The diagonal and off-diagonal elements of the Hamiltonian
for a fixed interlayer separation distance can be written in the
sublattice basis in a manner similar to the pseudospin repre-
sentation used in Ref. [1],
Hii(~K : ~d) = 2CiiRe[ f (~d)exp[iϕ0]] (A1)
HAB(~K : ~d) = 2CAB cos(
√
3
2
G1dx)
(
cos
(
G1dy
2
−ϕAB
)
+ sin
(
G1dy
2
−ϕAB− pi6
))
+2CAB sin
(
G1dy+ϕAB− pi6
)
+ i2CAB sin(
√
3
2
G1dx)
(
cos
(
G1dy
2
−ϕAB
)
− sin
(
G1dy
2
−ϕAB− pi6
))
.
The out-of-plane z-axis layer separation dependence can be
incorporated into the three main coefficients Cii(z) with an ex-
ponentially decaying behavior in the form
C(z) =C(z0)exp(−B · (z− z0)) (A2)
where z0 = 3.35 A˚, and the three decay coefficients B =
3.0, 3.2, 3.3 A˚−1 for each one of the terms of the Hamiltonian
in the sublattice basis were found fitting the z-dependence be-
tween 2.8 A˚ to 5 A˚, where we use the parameters obtained
from ab initio calculations
CAA(z0) = −14.88 meV, ϕAA = 50.19◦ (A3)
CBB(z0) = 12.09 meV, ϕBB =−46.64◦ (A4)
CAB(z0) = 11.34 meV, ϕAB = 19.60◦ (A5)
whose equivalent values in the pseudospin basis had been cal-
culated previously1. The variation of the phase with z shows a
weak linear dependence and we can approximate it as a con-
stant value. The effects due to lattice relaxation can be con-
veniently incorporated when calculating the Fourier expan-
sion of the above Hamiltonian by accounting for the in-plane
displacement ~u(~r) = (ux(~r),uy(~r)) in the stacking coordina-
tion vector ~d(~r) = ~d0(~r)+~u(~r), as explained in the main text,
and the height z = h(~r) that represents the local distance of
graphene to BN, where~r = (x,y) is a two-dimensional vector.
Both the displacement vectors ~u(~r) and the height maps h(~r)
are assumed to respect the moire´ periodicity and are therefore
modeled from the scalar fields that we introduce in the follow-
ing section.
Appendix B: Scalar fields for describing the moire´ patterns
In the main text we presented an approximation for a scalar
field that varies smoothly in real space that respects the sym-
metry of the triangular superlattice to use in the variational
trial functions. For brevity in notation here we use (x,y) to
indicate the (dx,dy). The specific form of the trial functions
we use are given by
Φ(~r) = ∑
~G
C~G exp
(
−i~G ·~r
)
(B1)
' C0+C′1g(~r)+ f1(~r,C1,ϕ1)+ f2(~r,C2,ϕ2)
where the constants C~G are complex numbers. The f function
f j(~r,C j,ϕ j) = C j exp(iϕ j) f˜ j(~r)+ c.c. (B2)
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FIG. 4: Representation of the different shells corresponding to the
different structure factors f1, f2 and g and the parameters that define
the specific form of the scalar functions.
is defined in terms of the structure factors
f˜ j(~r) = exp(−i jG1y)
+ 2exp(i jG1y/2)cos( j
√
3G1x/2) (B3)
where G1 = 4pi/3a, where a is the real-space periodicity of the
moire´ superlattice and j = 1,2. These are momentum space
analogues of the real space inter-sublattice hopping structure
factors in a honeycomb lattice2. The explicit form of the func-
tions defined along the symmetry lines x = 0 or y = 0 can be
obtained from sums of
f j(~r,y = 0,C,ϕ) = 2C cosϕ
(
1+2cos( j
√
3G1x/2)
)
f j(~r,x = 0,C,ϕ) = 2C cos(ϕ− jG1y)
+ 4C cos(ϕ+ jG1y/2) . (B4)
The analytical expression for the g function shell contribution
reduces to a simpler form
g(~r) = 2cos(G2x)+4cos
(√
3G2y/2
)
cos(G2x/2) , (B5)
where G2 = 4pi , that for the symmetry lines reduce to
g(~r,y = 0) = 2cos(G2x)+4cos(G2x/2)
g(~r,x = 0) = 2+4cos
(√
3G2y/2
)
. (B6)
The vector fields such as in-plane forces, displacement vec-
tors, and stresses can be obtained as gradients of the scalar
potentials given by the above forms that can preserve the sym-
metry of the triangular moire´ superlattice. The vector field that
can be obtained from the gradient of the scalar field is
~∇Φ= ~∇ f1+~∇ f2+~∇g (B7)
and can be obtained taking the respective partial derivatives.
Thus we have
~∇ f j =C j exp(iϕ j)~∇ f˜ j + c.c. (B8)
where the partial derivatives of the constituent functions are
given by
∂x f˜ j(~r) = − j
√
3G1 exp(i jG1y/2)sin( j
√
3G1x/2)
∂y f˜ j(~r) = i jG1 (−exp(−i jG1y)
+ exp(i jG1y/2)cos( j
√
3G1x/2)
)
. (B9)
For the g terms we have
∂xg(~r) = −2G2
(
sin(G2x)+ cos(
√
3G2y/2)sin(G2x/2)
)
∂yg(~r) = −2
√
3G2 sin(
√
3G2y/2)cos(G2x/2). (B10)
Likewise higher order derivatives used in the stress tensors or
the gauge fields can be evaluated analytically. The pair of pa-
rameters C and ϕ for each f j function and the single parameter
accompanying the g function specify the variational space we
used to minimize the energy functionals. Because the f1 term
captures the first harmonic contribution, the different variables
such as~u,~h, Epot can be characterized in terms of just two pa-
rameters C1 and ϕ1, or up to three when the average value of
the origin C0 is required.
Appendix C: Elastic and potential energy functionals
1. Elastic energy functional
The elastic energy for the Born-von Karman plate theory
can be obtained in terms of the Lame´ parameters since the
small bending stiffness κ for graphene or BN plays a neg-
ligible role3. For graphene we use λ = 3.25 eV A˚−2, µ =
9.57 eV A˚−2 valid close to zero 0 K have been estimated from
empirical potentials4 and the for a single sheet of BN use the
DFT estimates λ = 3.5 eV A˚−2, µ = 7.8 eV A˚−2 obtained av-
eraging the LDA and GGA values. The total elastic energy
per superlattice area is given by5,6
Eelastic =
κ
2AM
∫
AM
d2~r
[
∇2h(~r)
]2
+ (C1)
+
1
2AM
∫
AM
d2~r
{
λ [u11(~r)+u22(~r)]2
+ 2µ
[
u211(~r)+u
2
22(~r)+u
2
12(~r)
]}
The strain tensors ui j(~r) associated to the deformation of
the graphene layer depend both on the in-plane displacements
and heights in Monge’s representation:
u11 =
∂ux
∂x
+
1
2
(
∂h
∂x
)2
(C2)
u22 =
∂uy
∂y
+
1
2
(
∂h
∂y
)2
u12 =
1
2
(
∂ux
∂y
+
∂uy
∂x
)
+
1
2
∂h
∂x
∂h
∂y
In a practical calculation it is convenient to use an integration
domain that remains fixed for every moire´ period. For this
9purpose we use rescaled coordinates to operate in the coor-
dination vector ~d defined in the unit cell of graphene. Using
the chain rule to relate the reduced vector ~d in graphene’s unit
cell and the real-space~r coordinates for zero twist angle and
assuming variable lattice constant mismatch ε we have
∇~r = ε∇~d . (C3)
When we neglect the contributions from the height variation
the elastic energy can be written as
Eelastic =
ε2
AM
∫
AM
d2~r Sel(~d(~r),~u) (C4)
where Sel represents the integrand of Eq. (C4) in rescaled co-
ordinates ~d. This form shows more explicitly a ε2 weakening
of the elastic energy as the lattice constant mismatch becomes
smaller.
2. Parametrization of the potential energy
Likewise it is convenient to use the parametrization of the
potential energy in the coordination vector ~d(~r) and the in-
terlayer separation height. The potential energy term has
been parametrized from EXX+RPA calculations binding en-
ergy curves for different stacking configurations7 as a start-
ing point to extract the potential energy curves needed for
the formulation of the Frenkel-Kontorova (FK) model for this
two-dimensional bipartite lattice. We can neglect the van der
Waals tail corrections from the bulk that bring the equilibrium
distances closer because their influence in distinguishing dif-
ferent stacking energies are small. We make use of the prop-
erty that the energy landscape for a fixed z-axis separation is
given by a simple expansion in the first shell of G-vectors in
Fourier space1 to represent the energy map with three param-
eters. As noted previously the simplest approximation for a
scalar field that varies smoothly in real space with the triangu-
lar lattice symmetry is given by
Φ(~r) = ∑
~G
C~G exp
(
−i~G ·~r
)
'C0+ f1(~r,C1,ϕ1)
where the constants C~G are complex numbers. Thanks to this
simple form it is possible to parametrize the whole energy
landscape from the values of the potentials at three inequiva-
lent stacking configurations, for example the three symmetric
stacking configurations AA, AB and BA. Its explicit expres-
sion
Φ(x,y,C0,C1,ϕ) = C0+2C1 cos(ϕ−G1y) (C5)
+ 4C1 cos(G1y/2+ϕ)cos(
√
3G1x/2)
repeats with the periodicity of a triangular lattice. The scalar
function at the three distinct symmetry points in units of
graphene’s lattice constant
A = Φ(0,0) =C0+6C1 cosϕ (C6)
B = Φ(0,
1√
3
) (C7)
= C0+2C1 cos(ϕ−4pi/3)+4C1 cos(2pi/3+ϕ)
C = Φ(0,
2√
3
) (C8)
= C0+2C1 cos(ϕ−8pi/3)+4C1 cos(4pi/3+ϕ) .
These equations lead to the explicit values of the parameters
ϕ = arctan
[
−
√
3
2(D+1/2)
]
(C9)
C1 =
C−B
6
√
3sinϕ
(C10)
C0 = −6C1 cosϕ+A (C11)
where we have used the relation D = (A−B)/(B−C). From
the layer separation z-dependence of these three coefficients
C0(z), C1(z) and ϕ(z) we can obtain the complete potential
landscape U(x,y,z) that we need for our model. We note that
the C0(z) = (A(z)+B(z)+C(z))/3 term is the average value
of Φ(x,y) in the periodic domain for every value of z and that
the remaining C1(z) and ϕ(z) terms accounts for the landscape
of the energy in the first harmonic approximation, which is of-
ten an accurate approximation for functions varying smoothly
with the moire´ pattern1. The difference between this average
and the minimum Udif = Uav−Umin gives a measure of the
in-plane forces associated to the energy gradient in a Frenkel-
Kontorova problem8. The numerical values for A(z), B(z) and
C(z) for the binding energy curves as a function of separation
distance z can be obtained from the calculations provided in
Ref.7. They can be interpolated numerically or alternatively
we can use analytic fitting expressions similar to that in Ref.9
used in the G/G case. We define the auxiliary functions
M(x) = −M0(1+ τx)exp(−τx) (C12)
T (x) = T0/(x4+T1) (C13)
W (x) = (1+ exp(−16(x−4)))−1 (C14)
with the parameters M0 = 0.06975, τ = 7, D0 = 3.46, T0 =
−10.44, T1 =−58.87 to define the fitting function for the av-
erage value of C0(z) for all the stacking configurations through
C0(z) = M (z/D0−1) (C15)
+ (T (z)−M (z/D0−1))W (z) (C16)
where z is given in angstroms. We used a rather simple model
for W (x) which is fairly accurate but can still be improved
through additional parameters to better capture the behavior
away from the equilibrium point. The z-dependence of the
C1(z) term is easily captured through an exponentially decay-
ing form
C1(z) = aexp(−b(z/a0− z0)) (C17)
10
where a = 2.226, b = −3.295 and z0 = 1.295, a0 = 2.46 A˚ is
the lattice constant of graphene. The ϕ =−50.4◦ term shows
a weak linear dependence with respect to z so we use a con-
stant value. When necessary, the long-ranged van der Waals
tails originating from the bulk BN layers can be added through
Ttail(z) =∑
n
T (z+nc) (C18)
where c is the separation lattice constant between the lay-
ers and whose sum saturates quickly. However, this correc-
tion term has a small influence for the differences in energy
for different stacking arrangements and we neglect this term.
The energy landscape plots for a fixed separation distance
z0 = 3.4 A˚ presented in Fig. 5 allows to estimate the average
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FIG. 5: Left Panel: The total energy per unit cell area as a function
of sliding in the y axis for x = 0 shows a minimum when one of
the carbon atoms sits in the middle of the hexagon and another sits
on top of boron. Right top panel: Potential energy of graphene’s
carbon atoms per unit cell area. Right bottom panel: potential energy
experienced by the individual carbon atom per unit cell area obtained
assuming additivity of the energies.
in-plane traction force being applied on the two inequivalent
carbon atoms in the unit cell. Even though the LDA binding
energies are substantially smaller than in an EXX+RPA calcu-
lation, we find that this in-plane energy map obtained through
parametrization in Fig. 3 of the main text is closely similar to
the LDA energy map obtained in Ref.1, whose agreement is
attributable to the dominance of short-range character of the
interactions near equilibrium distances that is captured rea-
sonably well by the LDA approximation9.
From this potential landscape per two carbon atom unit cell
we can infer the potential experienced by the individual car-
bon atoms that can be useful for lattice force-field calculations
where the higher energy optical modes are treated explicitly.
This is done assuming that the total potential energy consists
of the sum of the potentials experienced by each carbon atom
which is separated by a distance τ = a/
√
3
U(x,y) =UC(x,y)+UC(x,y+ τ). (C19)
Solving the above equation we get
UC(x,y) =Φ(x,y,C′0,C1,ϕ
′
1) (C20)
where C′0 = C0/2 and ϕ
′
1 = ϕ1− pi/3. Likewise if the long-
range van der Waals tails are used they would need to be re-
duced to one half of its value. In Fig. 5 we show the poten-
tial energy repeated over several periods as well as the energy
landscape seen by each carbon atom, derived assuming addi-
tivity in the total potential energy.
Appendix D: Relaxation of the graphene and substrate atoms in
the G/BN heterojunction
The relaxed geometries can be readily obtained minimiz-
ing the elastic and potential energy functionals using the trial
functions that we introduced earlier. We distinguish two dif-
ferent scenarios in our elasticity problem. In the first case we
solve for the elastostatic solutions where we relax the atoms
of graphene subject to a periodic moire´ potential of a rigid
substrate. A second scenario allows the coupled relaxation of
the BN substrate atoms. For simplicity we consider only the
zero twist angle case and variable lattice constant mismatch ε .
1. Graphene relaxation only model
The resolution of the elastostatic problem of graphene sub-
ject to a superlattice potential requires the minimization of the
total energy functional
Etotal = Eelastic+Epotential (D1)
where Eelastic is given in Eq. (C4) and the potential energy is
given by the integral in the moire supercell of area AM of the
potential energy kernel U(~r, ~d,h) given in Eq. (C5)
Epotential =
1
AM
∫
AM
d~r U(~r, ~d,h). (D2)
The stacking coordination vector is modeled as
~dG(~r) = ~d0(~r)+~uG(~r) (D3)
assuming that the substrate produces a rigid periodic potential
pattern. We use the gradients of the scalar field in Eq. (B7)
to model the displacement vectors ~uG. The local elastic and
potential energy maps corresponding to the small and large
strain limits are represented in Fig. 6.
2. Coupled relaxation of the BN lattice
Here we explore the influence in the elastic of energy of
graphene when the BN atoms of the topmost layer in the sub-
strate are allowed to relax in response to the stacking rear-
rangement of the graphene sheet. The coupled motion of the
substrate atoms contribute in decreasing the total elastic en-
ergy of the graphene BN heterojunction because a smaller dis-
placement in the graphene sheet is needed than if the substrate
remains rigid. For solving the coupled G/BN elasticity prob-
lem we will assume that the topmost BN sheet is subject to a
11
FIG. 6: Map of local elastic and potential energies per unit cell
area (see Eqs. C4, C5) corresponding to small and large strains us-
ing constant h model, see also10, corresponding to lattice constant
differences of of |ε| = 0.017,0.0082 repectively. The large strain
configuration we represent here is just before the poitnt of steep tran-
sition as shown in Fig. 9, which happens for longer moire´ periods
than when the z-axis relaxation is allowed.
potential stemming from the graphene sheet itself and the BN
layers underneath, assuming that the BN atoms below the top-
most layer remain fixed. The potential energy for fixed inter-
layer separation of c = 3.4 A˚ for G/BN and BN/NB along the
y direction of stacking arrangement vector is shown in Fig. 7.
The interaction potential between the two topmost BN layers
are defined by C1 = −2.47 meV and ϕ1 = −57.75◦ through
the funciton UBN/NB(~r; ~dBN) = f1(~dBN ,C1,ϕ1).
Even though the binding energies and forces predicted by
the LDA typically underestimate the values obtained from
higher level RPA calculations11–14 we assume that the en-
ergy landscape for different strackings We used LDA ener-
gies for BN/NB coupling as a function of sliding, assuming
that their sliding energy maps are comparable to EXX+RPA
as we found for the G/BN case. The total energy of G/BN/NB
where both sheets are allowed to relax is given by the sum of
the elastic and potential energies of graphene and the topmost
BN sheet. The total potential energy term can be obtained
from the interaction energies between the neighboring layers
through
Epotential = Epotential,G/BN+Epotential,BN/NB, (D4)
and can be calculated from the parametrized potential energies
evaluating the integrals in the moire´ supercell
Epotential,G/BN =
1
AM
∫
AM
d~r UG/BN(~r ; ~dG,hG), (D5)
Epotential,BN/NB =
1
AM
∫
AM
d~r UBN/NB(~r ; ~dBN), (D6)
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FIG. 7: In (a) we show the total energy per unit cell area for slid-
ing along the vertical y-axis for different stacking configurations for
G/BN within RPA and BN/NB heterojunctions within LDA near the
equilibrium interlayer separation for fixed c = 3.4 A˚. The energy
curves were obtained using the information at three different sym-
metric stacking configurations for AA, AB and BA for interlayer
sliding vectors τAA = (0,0), τAB = (0,a/
√
3) and τBA = (0,2a/
√
3).
The energy minimum for G/BN stacking happens at τBA whereas for
BN/NB the energies are smallest near τAA and τAB. In (b) we show
the stacking configurations for G/BN and BN/NB and minimize the
total energy which shows that deformation of the topmost BN layer
is easier when it preserves the BA stacking of the G/BN hererojunc-
tion. The minimum energy configurations are indicated with labels
1, 2 whereas the maximum energy ones are labeled with 3, 4.
where the kernels are functionals of the local stacking coordi-
nation functions ~dG and ~dBN that depend on the displacements
relative to the neighboring layers
~dG(~r) = ~d0(~r)+~uG(~r)−~uBN(~r), (D7)
~dBN(~r) = ~uBN(~r). (D8)
We used explicit labels G/BN and BN/NB to distinguish the
interaction potentials. For the graphene sheet the only rele-
vant reference frame is the topmost BN layer whereas the lat-
ter interacts both with the graphene sheet and the BN layers
underneath whose coordinates are assumed to remain fixed.
Appendix E: Strains in relaxed ground-states
As noted earlier, the strained geometries can be character-
ized by the magnitude and phases that define the scalar fields
in Eq. (B1) and vector fields in Eq. (B7) within a restricted
variational space that preserves the triangular moire´ periodic-
ity dictated by the lattice constant mismatch ε and twist angle
θ . The solutions for the strains in the graphene layer can be
largely characterized by two parameters Cu,1 and ϕu,1 whereas
the height profiles require three Ch,0, Ch,1 and ϕh,1 for the addi-
tional average interlayer separation. For the topmost BN sheet
we only consider in-plane strains assuming that its separation
from the additional BN layer underneath takes a constant aver-
age value. Because the relative magnitudes of the elastic and
potential energies scale with the lattice constant mismatch ε
a correction in the potential profiles or the average value of
12
FIG. 8: Potential energy maps UG/BN and UBN/NB in real space. The
left column represents the interaction potentials of rigid graphene and
BN sheets. The right column shows the potential energy maps for
UG/BN and UBN/NB corresponding to the relaxed geometry configu-
rations determined by the strains in the graphene and boron nitride
sheet given by~uG and~uBN respectively.
the elasticity constants would have an overall effect of shift-
ing the solutions in the abscissa. Within our approximation,
the solutions are completely characterized by the ε-dependent
values of the parameters that define the scalar field. In Fig. 9
we show the values of the relaxed solution parameters where
only the graphene sheet is allowed to relax both in-plane and
out of plane. We also show a comparison with the solutions
where only in-plane relaxation is permitted and we fix the in-
terlayer separation to a constant value.
When we consider the coupled graphene and BN layer re-
laxation we notice an interesting behavior where the largest
strain magnitudes are for the topmost BN sheet rather than
graphene itself. The results for the relaxed strains of the cou-
pled G/BN/NB heterojunction where both graphene and the
topomost BN layer are relaxed is shown in Fig. 8. This is pos-
sible thanks to a special total energy landscape with easy slid-
ing path in BN15. The BN sheets in the crystal substrate fol-
lows an AA′ stacking order and for this stacking configuration
they have a minimum energy sliding path when going from
AA′ to AB′ with a small barrier of about ∼3 meV and even
smaller total energy differences of about ∼1 meV within the
LDA. A more elaborate GGA + vdW functional calculation15
predicted similar barrier magnitudes but with the minimum
of energy happening for the AB′ stacking configuration with
a total energy lower by ∼1.5 meV. These minute differences
are unimportant for the solutions we discuss.
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FIG. 9: Left panel: Elastostatic solutions for the strains in the
graphene sheet relaxation only that is subject to the potential of a
rigid BN substrate. For smaller |ε| the potential energy dominates
and the deformation becomes larger. The increase of the deformation
is steady until it reaches a tipping point where the solutions become
unstable. Comparison of in-plane relaxation only and that allowing
out-of-plane relaxation shows that the both approximations give sim-
ilar in-plane displacements but allowing the full relaxation makes the
transition easier. Right panel: Elastostatic solutions of the coupled
graphene and topmost BN layer subject to the potentials of a rigid
BN layer potential underneath. We notice that the magnitude of the
in-plane deformation of the graphene and BN sheets are comparable
to the strains in the BN sheet as the latter can relax along the easy
sliding axis directions.
Appendix F: Band gaps and the Fourier components of the
strained Hamiltonian
The Hamiltonian of graphene is modified in a G/BN hetero-
junction by moire´ patterns1 that can be described in a transpar-
ent manner when represented in a pseudospin basis. The dif-
ferent contributions consist of a site potential H0M , the mass or
sublattice staggering potential HzM and an in-plane pseudospin
inter-sublattice coherence term HxyM = H
AB
M as shown in Fig.
10. The latter is closely related with a pseudomagnetic field
derived from the straining of the graphene sheet represented in
Fig. 11. As mentioned in the main text and explained in more
detail in Ref.1 it is possible to obtain the full band structure
from the Fourier components represented in the moire´ recip-
rocal lattice vectors ~G. The term that most directly influences
the band gap comes from HzM , in particular the ~G0 = (0,0)
contribution which is the average mass in the a moire´ super-
cell. This term normally vanishes to zero in a rigid crystal1 but
here we showed that they generally average to a nonzero value
in the presence of in-plane strains. Farther shell contributions
in ~G do also contribute to the band gap through higher order
corrections. The contributions from the first shell in G-vectors
through second order perturbation theory play the most rele-
vant role. In Fig. 12 we show a comparison of the nonzero av-
erage mass term and the total band gap as a function of moire´
period. It is noteworthy that when out of plane relaxations
are absent the values of the band gaps are generally smaller
and the relative cancellation between the average mass ∆0 and
the second order contributions from the first shell are more
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FIG. 10: Real space representation of the pseudospin Hamiltonian
for unrelaxed (top row) and relaxed (bottom row) geometries near
zero twist angle. The H0M term accounts for the site potential fluctu-
ations normally seen in scanning probe studies, the HzM term is the
mass term dictating the local band gap in real space, and HxyM reflects
the anisotropic strains.
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FIG. 11: Real space map of the pseudomagnetic field magnitude∣∣∣~A(~r)∣∣∣ for relaxed solutions. The left panel represents graphene re-
laxation only allowing only in-plane strains with a long moire´ period
corresponding to |ε|= 0.0082. On the right hand we present the mag-
nitude of the vector potential due to the relaxation of the graphene
sheet when both graphene and BN sheets are simultaneously allowed
to relax near zero twist angle moire´ period.
substantial. The pseudomagnetic field term from HABM , due to
the anisotropic strains generated by the coupling with the BN
substrate, plays a minor role in configuring the band gap at
the primary Dirac point as will be made clearer in the pertur-
bative analysis. The other two components of the Hamilto-
nian, potential fluctuations H0M and in-plane pseudospin terms
HxyM represented in Figs. (13, 14), also see modifications due
to straining, typically acquiring contributions beyond the first
shell in G-vectors with the most important contributions rang-
ing up to three nearest neighbor hoppings, and their Fourier
components having magnitudes in the order of ∼10 meV. The
pseudomagnetic term generated by the strains in the graphene
sheet itself can in principle have a contribution comparable
to the contribution due to the electron virtual hopping to and
back from the BN sheet. Using the expressions for pseudo-
FIG. 12: Breakdown of different contributions to the single-particle
band gap. Left panel: Comparison of the band gap ∆ represented
with connected filled circles and the non-zero average contribution
∆0 represented with empty circles for graphene relaxed, graphene
and boron nitride relaxed, and restricted in-plane only relaxation of
graphene. We notice that the presence of out-of-plane relaxation pre-
vents the complete cancellation of the average mass in the presence
of small in-plane strains. Top right panel: Perturbation theory anal-
ysis of the gap in the configuration where graphene relaxes due to
in-plane strains. The non-perturbative gap is shown in a black solid
line, which is closely approximated by the 2nd order perturbation
theory (dashed black line). The dash-dotted line is the gap due to
the average mass. The decomposition of the Hamiltonian into H0eff
(grey circles) and Hαeff for α = x,y,z (blue, green, and red circles,
respectively) indicates that the primary source of the gap is Hzeff.
Bottom right panel: Perturbation theory analysis of the gap in the
configuration where graphene and boron nitride both relax due to in-
plane strains. The non-perturbative gap is shown in a black solid line,
which is closely approximated by the 2nd order perturbation theory
(dashed black line). The dash-dotted line is the ~G0 = 0 contribution
to the gap. The decomposition of the Hamiltonian into H0eff (grey
circles) and Hαeff for α = x,y,z (blue, green, and red circles, respec-
tively) indicates that the primary source of the gap is Hzeff.
magnetic fields in graphene provided in Refs.16,17
Ax(~r) = g[u11(~r)−u22(~r)] (F1)
Ay(~r) = −2gu12(~r) (F2)
and using g ∼ 1.5/a a typical map of its magnitude in real
space is shown in Fig. 11. We note that the pseudomagnetic
vector potentials follow a moire´ period scaling relation given
by
∣∣∣~A(~r)∣∣∣∝ (a/lM) ∣∣∣A˜(~d(~r))∣∣∣when represented in rescaled co-
ordinates of the moire´ superlattice A˜(~d(~r)), in turn defined by
the parameters that determine the displacement vectors~u(~r).
Appendix G: Second order perturbation theory
Further insight on the contributions to the band gaps can be
achieved from second order perturbation theory from the first
shell approximation. We distinguish two scenarios, one for
rigid unrelaxed lattices and another where strains are allowed
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FIG. 13: A representation of the real and imaginary parts of the
Fourier components of the HzM local mass term distribution in real
space of the Hamiltonian for substantially strained configurations
for in-plane only relaxation of the graphene sheet. The band gap
is determined mainly by the average mass term from the ~G = (0,0)
contribution and modified by the first hexagonal shell in ~G vectors
contributing to second order in perturbation theory.
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FIG. 14: Fourier expansion of the Hamiltonian for the site potential
fluctuations H0 and the anisotropic strain HAB terms. The contribu-
tions to the band gap of these two terms are much smaller than those
from Hz.
to modify the stacking coordination. Formally it is possible to
show that for rigid unrelaxed lattices the in-plane HAB
M,~G
gives
a zero contribution to the band gap to second order in pertur-
bation theory. When in-plane strains are allowed, band gaps
develop thanks primarily to a nonzero average mass and all
three pseudospin components make a nonzero contribution to
the gap to second order. Among these, in our calculations the
in-plane pseudospin terms contribute to the gap with a smaller
magnitude than the Fourier expansion of the mass terms Hz
M,~G
.
1. Unrelaxed configuration
Here we discuss the effective 2x2 Hamiltonian obtained
from perturbation theory around the Dirac point. Our ini-
tial Hamiltonian is a 2N× 2N matrix, where N is two times
the number of Moire´ reciprocal lattice vectors in the Fourier
transform. Treating the 2× 2 diagonal blocks as the un-
perturbed Hamiltonian, second order degenerate perturbation
theory gives an effective Hamiltonian for the low energy
states,
Heff = HM,~G=0− ∑
~G6=0
HM, ~G H
−1
G H
†
M, ~G
(G1)
where HG are the 2× 2 blocks in the Hamiltonian associ-
ated with the moire´ vector ~G, and HM,~G connect the
~k and
~k + ~G blocks of the Hamiltonian. If we ignore for a mo-
ment the relaxation due to in-plane strains, the diagonal blocks
are HM,~G = h¯υ~G ·~τ , which has an inverse (H~G)−1 = h¯υ~G ·
~τ/(h¯υ~G)2. We can decompose both the effective Hamiltonian
and the HM, ~G into terms proportional to Pauli matrices,
Heff = ∑
α=0,x,y,z
Hαeffτ
α (G2)
HM,~G j = ∑
α=0,x,y,z
Mαj τ
α (G3)
Since Heff is hermitian, the parameters Hαeff must be real num-
bers. However, each block HM,~G j is not necessarily hermitian,
so Mαj are complex numbers. Plugging in the decomposed
forms, and restricting to just the nearest shell of reciprocal
lattice vectors j = 1, ...,6 (we use the index j = 0 for ~G = 0),
we get
H0eff =
4h¯υ
(h¯υ~G)2
3
∑
j=1
[
ReMzj
(
Im ~M j× ~G j
)
· zˆ−
− ImMzj
(
Re ~M j× ~G j
)
· zˆ
]
(G4)
Hxeff =−
4h¯υ
(h¯υ~G)2
3
∑
j=1
~G j,y Im
{
M0j M
z
j
}
(G5)
Hyeff =
4h¯υ
(h¯υ~G)2
3
∑
j=1
~G j,x Im
{
M0j M
z
j
}
(G6)
Hzeff =
4h¯υ
(h¯υ~G)2
3
∑
j=1
[
ReM j,0
(
Im ~M j× ~G j
)
· zˆ−
− ImM0j
(
Re ~M j× ~G j
)
· zˆ
]
(G7)
The sums in the above equations are restricted to j = 1,2,3
due to the relation ~G j+3 =−~G j and the property of the corre-
sponding matrices, M j+3 = M
†
j . We will now prove that hx =
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FIG. 15: Top left: Gap vs λ for individual contributions to HM,~G
from M0 (black dots), Mx (blue dots), My (green dots) and Mz (red
solid line). The labels in the legend correspond to (λ0, λx, λy, λz).
The dashed line is a fit to λ 3. Top right: Gap vs λ for contributions
with both Mz and either Mx (blue) or My (green). The two terms are
equal. Such terms contribute to H0eff at second order (see main text),
but H0eff does not contribute to a gap opening. Dashed line (black)
is a fit to λ 3, showing that indeed, no second order contribution is
evident. Bottom left: Gap vs λ for contributions with both M0 and
Mz (solid red line). Such terms contribute to Hxeff and H
y
eff at sec-
ond order (see main text), which is zero due to the symmetry of the
Hamiltonian. Dashed line (black) is a fit to λ 3, showing that indeed,
no second order contribution is evident. Also shown (blue circles) is
the contribution with both Mx and My, which is zero. Bottom right:
Gap vs λ for contributions with both M0 and either Mx (blue circles)
or My (green circles). The two contributions are equal. Such terms
contribute to hz in the second order perturbation theory (see main
text), and therefore contribute to the gap. Solid black line is a fit to
λ 2, confirming the perturbation theory result.
hy = 0. The moire´ Hamiltonian has the property M01 = M
0
3 =
M0∗2 and M
z
1 = M
z
3 = M
z∗
2 . Therefore ImM
0
3 M
z
3 =− ImM01 Mz1.
However, ~G1− ~G2+ ~G3 = 0. Examining the above equations,
we see that Hxeff = H
y
eff = 0 due to the symmetry properties of
the Hamiltonian, and the gap for the unrelaxed configuration
arises entirely from a mass term Hzeff.
We have numerically calculated the low energy eigenval-
ues as a function of the parameters Mαj to verify the second
order perturbation theory result and show which terms con-
tribute at third order and higher. Our numerical calculations
are performed by multiplying each of the Mαi by interpola-
tion parameters λα which range from 0 to 1, thus keeping the
same relationship (magnitude and phase) between the differ-
ent ~Gi terms while allowing us to see explicitly the power law
behavior of the gap due to each term.
First we set all λα = 0 except for one. Power law fits show
that there is no 2nd order contribution from any of the terms
individually (Fig. 15). The λz 6= 0 term contributes at the 3rd
order, while all others are 5th order or higher.
Next we look at the interplay between the different matrix
elements Mαj which are found to contribute to the perturba-
tion theory results for Heff = H0eff+ ~Heff ·~τ as described in the
main text. Figure 15 confirm that to second order, the gap
is not opened by terms proportional to MxMz, MyMz, M0Mz,
and MxMy. The first two, MxMz and MyMz do contribute to
the energy levels at second order: they lead to a nonzero H0eff
which does not open a gap. The M0Mz term we found to be
zero in the second order perturbation theory due to the sym-
metry of the Hamiltonian, which is verified here. Finally, the
term MxMy does not appear in the second order perturbation
theory at all, which is again confirmed by our numerical re-
sults. The only terms which contribute to the gap at second
order, and are therefore most efficient at opening a gap, are
M0Mx and M0My.
2. Relaxed configuration
We showed in the main text that the in-plane relaxation
of the graphene and boron nitride lattices has a large effect
on the size of the gap. This is due primarily to the emer-
gence of nonzero mass in the 2×2 block Hz
M,~G0=0
. This term
alone slightly overestimates the gap. We again calculate a
second order perturbation theory, Eqn. (G1). However, it is
no longer a good approximation to restrict to the nearest six
reciprocal lattice vectors. This means that although the de-
compositions given in Equations (G4−G7) remain valid, the
symmetry properties that cause Hxeff and H
y
eff to vanish do not
strictly hold. We do, however, find that these terms are small.
The primary contribution to the gap comes from the Hz
M,~G0=0
term which overshoots the gap. Including the second order
terms produces an excellent approximation to the calculated
gap. Thus we see explicitly that the relaxation is a key source
of the gap opening in graphene/boron nitride bilayer systems.
∗ Electronic address: jeil.jung@gmail.com
† Electronic address: shaffique.adam@yale-nus.edu.sg
1 Jung, J., Raoux, A., Qiao, Z. & MacDonald, A. H. Ab-initio the-
ory of moire superlattice bands in layered two-dimensional mate-
rials. Physical Review B 89, 205414 (2014).
2 Jung, J. & MacDonald, A. H. Tight-binding model for graphene
pi-bands from maximally localized wannier functions. Physical
Review B 87, 195450 (2013).
3 Koskinen, P. & Kit, O. O. Approximate modeling of spherical
membranes. Physical Review B 82, 235420 (2010).
4 Zakharchenko, K. V., Katsnelson, M. I. & Fasolino, A. Finite tem-
perature lattice properties of graphene beyond the quasiharmonic
approximation. Physical Review Letters 102, 046808 (2009).
5 Washizu, K. Variational methods in elasticity and plasticity
(Pergamon Press, 1975).
6 Guinea, F., Horovitz, B. & Le Doussal, P. Gauge field induced by
16
ripples in graphene. Physical Review B 77, 205421 (2008).
7 Sachs, B., Wehling, T. O., Katsnelson, M. I. & Lichtenstein,
A. I. Adhesion and electronic structure of graphene on hexagonal
boron nitride substrates. Physical Review B 84, 195414 (2011).
8 Braun, O. M. & Kivshar, Y. S. The Frenkel-Kontorova Model
(Springer-Verlag, 2004).
9 Gould, T., Lebe`gue, S. & Dobson, J. F. Dispersion corrections
in graphenic systems: a simple and effective model of binding.
Journal of Physics: Condensed Matter 25, 445010 (2013).
10 Bull. Am. Phys. Soc. 59, 1 455 (2014).
http://meetings.aps.org/link/BAPS.2014.MAR.F55.3
11 Jung, J., Garcı´a-Gonza´lez, P., Dobson, J. F. & Godby, R. W. Ef-
fects beyond the random-phase approximation in calculating the
interaction between metal films. Physical Review B 70, 205107
(2004).
12 Marini, A., Garcı´a-Gonza´lez, P. & Rubio, A. First-principles de-
scription of correlation effects in layered materials. Physical Re-
view Letters 96, 136404 (2006).
13 Lebe`gue, S. et al. Cohesive properties and asymptotics of the
dispersion interaction in graphite by the random phase approxi-
mation. Physical Review Letters 105, 196401 (2010).
14 Bjo¨rkman, T., Gulans, A., Krasheninnikov, A. V. & Nieminen,
R. M. van der waals bonding in layered compounds from ad-
vanced density-functional first-principles calculations. Physical
Review Letters 108, 235502 (2012).
15 Marom, N. et al. Stacking and registry effects in layered materi-
als: The case of hexagonal boron nitride. Physical Review Letters
105, 046801 (2010).
16 Suzuura H. & Ando T. & Phonons and electron-phonon scattering
in carbon nanotubes. Physical Review B 65, 235412 (2002).
17 Vozmediano, M., Katsnelson, M. & Guinea, F. Gauge fields in
graphene. Physics Reports 496, 109–148 (2010).
